Abstract: This study investigates the robust fault-tolerant attitude control of an orbiting spacecraft with a combination of unknown actuator failure, input saturation and external disturbances. A fault-tolerant control scheme based on variable structure control is developed that is robust to the partial loss of actuator effectiveness, where the actuators experience a reduced actuation but are still active. The results are then extended to the case in which some of the actuators fail completely, although some redundancy in actuation is assumed. In contrast to traditional fault-tolerant control methods, the proposed controller does not require knowledge of the actuator faults and is implemented without explicit fault detection, separation and accommodation processes. Moreover, the designed controller rigorously enforces actuator saturation constraints. The associated stability proof is constructive and develops a candidate Lyapunov function that shows the attitude and the angular velocities converge asymptotically to zero. Simulation studies are used to evaluate the closed-loop performance of the proposed control solution and illustrate its robustness to external disturbances, unknown actuator faults and even input saturation.
Introduction
In practice unexpected faults such as the failure, loss of effectiveness or the ageing of spacecraft control components are frequently encountered because of the harsh working environment. These problems not only degrade the attitude control performance of the spacecraft system, but also sometimes induce system instability and even more catastrophic effects. Therefore designing an attitude controller to maintain spacecraft stability and acceptable performance, despite unknown faults within the components of the system, is a critical issue for aerospace engineers. A specific control design strategy named faulttolerant control (FTC) [1 -3] is the most popular method applied to systems in the case of unexpected faults, and passive and active approaches to FTC are available. The active FTC approach requires a fault detection and diagnosis (FDD) mechanism to detect and identify the faults in real time, and then a mechanism to reconfigure the controllers according to the online fault information from the FDD [4] . Compared to the passive approach, the active one needs significantly more computational power to implement. Furthermore, the active fault-tolerant controller has a time delay between the detection of faults and the reconfiguration of the controller, and hence is difficult or impossible to implement on an unstable system [5] . This motivates, in this paper, the investigation of a passive fault-tolerant controller for a spacecraft attitude control system with the occurrence of unexpected faults or failures.
The main idea of the passive FTC approach is to design a single controller that is robust against faults and uncertainty. Hence, when a fault occurs, the controller is able to maintain the stability of the system with an acceptable degradation of performance, and does not require an FDD system and controller reconfiguration. At present, numerous research results are available for the passive fault-tolerant controller design with different approaches, such as linear matrix inequalities (LMIs) schemes [6] , robust theory [7] , H 1 [8] , adaptive control [9 -11] and sliding mode control [12] . Benosman and Lum [13] proposed four different controllers for linear time-invariant plants based on absolute stability theory to handle the actuator fault of effectiveness loss; however, the designed controllers performed unsatisfactorily for systems with actuator failures. To deal with the problem of actuator failures, Alwi et al. [14] developed a fault-tolerant controller for an aircraft system, combining sliding mode control and control allocation techniques. The system incorporated actuator redundancy, and the developed controller performance depended greatly on the faults present. Liao et al. [15] designed a reliable robust fault-tolerant flight tracking controller based on an LMI approach, and Yang et al. [7, 16] designed a reliable controller for linear systems with sensor and actuator failures that guarantees the system stability and provides H 1 performance based on H 1 theory. Others, such as Shin et al. [17] , used adaptive techniques to compensate for the effects of actuator faults. However, most of these controllers can only be applied to linear systems and are not suitable for non-linear systems. Thus far there have been few results for the passive FTC of non-linear systems [18] , and even fewer applications to spacecraft control systems [19] .
In addition to the actuator failure and loss of effectiveness, actuator saturation, or limits on its output, is another practical issue that should be considered in controller design. Indeed, magnitude constraints on the actuator outputs are a major and unavoidable problem in practical spacecraft control system applications due to the physical characteristics of the actuators. When the actuator has reached its input limit, any effort to further increase the actuator output would result in no variation in the output, which may lead to system instability. Although Hu [20] , Boskovic et al. [21, 22] , Panagiotis and Jihao [23] and the references therein have developed a range of controllers to effectively handle the limited actuator output, these controllers have not considered actuator faults, and so cannot be applied directly to the FTC of spacecraft attitude with limited actuator input. Few researchers investigate actuator faults and actuator output constraints simultaneously. Mhaskar et al. [24] and Benosman and Lum [25] considered these two issues for a particular system model, and Guan and Yang [26] provided an adaptive fault-tolerant controller for a system with actuator saturation, although the controllers required large computation power and were difficult to implement. Thus, this paper will develop a controller for the important problem of spacecraft attitude control with actuator faults and saturation.
Two robust fault-tolerant controllers are presented for the rigid spacecraft attitude control system in which external disturbances, actuator saturation and unknown actuator faults are simultaneously taken into account. An attitude control system based on variable structure control is developed that guarantees asymptotical stability for a system where the actuators partially lose their effectiveness. This is then extended to handle the case with actuator redundancy, where some of the actuators fail completely. A key feature of the proposed strategy is that the design of the FTC is independent of the information about the faults. Using the Lyapunov method, the overall system stabilisation and fault tolerance are ensured, and the benefits of the proposed control methods are verified analytically and validated via a simulation study. The paper is organised as follows. The next section presents the spacecraft mathematical model and control problem. Fault-tolerant controllers are derived in Section 3. Then the results of numerical simulations are used to demonstrate various features of the proposed control law. Finally, the paper is completed with some concluding comments.
Problem formulation
In this paper, a rigid spacecraft is considered, and the mathematical description of the attitude motion along the body fixed control axes, in terms of the attitude kinematics and the spacecraft dynamics, are represented as [27] 
where
T is the spacecraft angular velocity with respect to an inertial frame I and expressed in the body-fixed frame B, the unit quaternion
describes the attitude orientation of the spacecraft in B with respect to I, and satisfies q T q + q 0 2 ¼ 1. I 3 denotes the 3 × 3 identity matrix, J [ R 3×3 represents the positivedefinite spacecraft inertial matrix, u ¼ (u 1 u 2 u 3 )
T [ R 3 is the control torque input generated by thrusters, and
, the notation z × denotes the following skewsymmetric matrix
For the development of the control laws, the following assumptions are made:
Assumption 1: All three components of the control torque, u, are constrained by a bounded value, expressed by
Here a single bound
] is adopted to streamline the analysis.
Assumption 2:
The disturbance, d, is bounded, and for each element of d there exists a positive but unknown constant,
For a spacecraft control attitude system, in the presence of actuator saturation and the partial and/or complete loss of control effectiveness, the control objectives can be stated as follows:
1. All of the internal signals in the closed-loop system are bounded and continuous. 2. The attitude, q, and angular velocity, v, converge asymptotically to zero, or an arbitrary specified bounded set. 3. The performance index
is bounded, where S is an auxiliary variable defined as [22] 
and k(t) is a time-varying function that will be given later.
3 Fault-tolerant attitude control system design 3.1 Fault-tolerant attitude control with partial loss of actuator effectiveness
In this case, assume that the spacecraft is equipped with only three actuators, that is one in each axis of the body frame.
There is no actuator redundancy available, and each actuator may lose its effectiveness partially. Without going into the details of the possible nature of actuator faults, the non-linear spacecraft attitude dynamics model with actuator faults is described by
Note that the case L i (t) ¼ 1 means that the ith actuator works normally; if L i (t) ¼ 0, the ith actuator has failed completely without any control torque supplied; if 0 , L i (t) , 1, the ith actuator has partially lost its effectiveness, but it still works all of the time. Since actuator redundancy is not present in (8) , the assumption 0 , L i (t) ≤ 1 is made in this subsection.
To achieve our control objectives, the control law u i is designed as
where s i is the ith element of S defined in (7), and d is a positive control constant.
To establish stability, consider a candidate Lyapunov function given by
where g is a positive constant to be determined. The derivative of (10) is computed, and simplified using (1), (2), (7) and (8), and the property of the unit quaternion,
After some algebraic manipulation one can show thaṫ
Suppose that l min and l max are two positive constants satisfying 0 , l min ≤ min i=1,2,3
The updating law for k is designed to satisfẏ
Then from (9), (12) and (13), (11) can be rewritten aṡ
To ensureV ≤ 0 in (14) , the following is assumed:
The bound value d i of the disturbance d satisfies the following inequality
Under Assumption 3,V ≤ 0 can be obtained. This implies that v and k are bounded. With
Then, based on (14), we obtain
{c i , 1}, and we know that c . 0. Since V
We know that S is bounded because all of its terms are bounded as shown above. Thus, since v, q, S and u (from (5)) are bounded,k is bounded. Moreover,v is also bounded from the attitude dynamics in (3), andq is bounded from (2), because v, q and q 0 are bounded. By the Barbalat lemma [28] lim
However, the fact that k 2 q converges to zero does not ensure that q will converge to zero. If k is bounded, it can be concluded that lim t 1 q = 0. Next we will discuss whether k is bounded.
Based upon (13) , it follows thaṫ
Consider the terms within the summation sign
From (17), it can be first noted that lim t 1 S(t) = 0 due to its definition in (7)
Assume k(0) ¼ k 0 . 0, then (20) can be integrated to obtain
Thus (22) shows that k(t) ≥ 0 for all time, and k(t) ¼ 0 is possible only at t ¼ 1. On the other hand, since k(t) is bounded, for a given positive constant g, there exists a positive function t(g) satisfying k(t) ≤ t(g). Then, from (13), we havė
Integrating this inequality from 0 to 1, gives
If the initial value is chosen as k(0) . 3gc max c V (0) , then from (25), we obtain
Based on (22) and (26) Theorem 1: Consider the faulty attitude control system given by (1), (2) and (8), with partial loss of actuator effectiveness satisfying Assumptions 1 -3. With the application of the control law (9) and the updating law (13), all of the signals in the closed-loop system are bounded and continuous, and global asymptotic stability is guaranteed. That is the attitude and the angular velocity tend to zero: lim t 1 q = 0 and lim
Proof: The proof can be obtained from above derivation and is omitted.
From the above analysis, the following remarks on the designed controller can be deduced:
In aerospace applications, difficulties in modelling the dynamics of the system may produce an inertia matrix of the whole spacecraft that is uncertain. However, the proposed control law in (9), together with the updating law in (13), does not require knowledge of the inertia matrix. Thus, the designed control law is robust with respect to these parameter uncertainties, and these uncertainties will not cause the system performance to deteriorate. The control law is also robust to time-varying inertias, providing the timescales are slow compared to the spacecraft dynamics.
Remark 2:
From the aforementioned analysis, we know that k is bounded below by a positive constant k. If the term k 2 d is not contained in the control law (9), then (9) can be rewritten as u i ¼ 2u max sign(s i ). As a result, the chattering effect may be caused by the discontinuity of the sign function sign( . ). This problem is well known in the sliding mode control scheme [29] and usually solved by approximating the sign function by a continuous function. Following this idea, in this study, we substitute sign( . ) with a continuous function s i /(|s i | + k 2 d), as shown in (9) . To approximate sign( . ) with high precision, a small d is required, leading to better approximation performance.
Remark 3:
The designed controller in (9) satisfies the actuator saturation limits, that is
Remark 4: The actuation effectiveness matrix L is not used in the proposed control scheme or required for the stability analysis. Thus, there is no need to include health monitoring to identify or estimate which actuator is faulty or to include a method for fault isolation. The only requirement is to specify the possible minimum and maximum values of the components of the fault matrix. The actuator fault accommodation and compensation is performed automatically and adaptively by the proposed control algorithm. This feature is necessary to build affordable and effective fault-tolerant spacecraft control schemes.
Remark 5: It should be noted that to stabilise the system, all of the actuators are assumed to be active even if there exist faults in some actuators, that is to say, no actuator has failed completely for this case. If one or more actuators fail completely, then the system will become under-actuated [25] , and the designed controller in (9) will not guarantee system stability. The under-actuated system is not considered further in this paper.
Assumption 3 requires the specification of l min ; in practice it is often difficult to identify this value precisely and hence the controller proposed in (9) may lack some practicality. To avoid this problem, an extended control scheme with actuator redundancy is proposed in the following subsection. Often in practice the spacecraft attitude control system is designed with actuator redundancy, giving an over-actuated control system. This allows the control system to cope with complete actuator failure, as well as partial failure, and hence removes any required knowledge of the form of the actuator faults.
Fault-tolerant attitude control under complete failure with redundant actuators
In this section, the case of redundant actuators, where some actuators may fail totally, is considered. With actuator redundancy, the attitude dynamics in (8) are modified to give
where D [ R 3×n denotes the known control torque distribution matrix with full-row rank, and u [ R n is the output of the n (n . 3) actuators. Here E is a diagonal matrix characterising the health condition of the actuators; thus E ¼ diag(e 1 ,e 2 , . . . , e n ) where 0 ≤ e i ≤ 1 (i ¼ 1,2, . . . , n) indicate the health of the ith thruster.
The control law is then chosen as
T and
A candidate Lyapunov function is chosen as
Then the time derivative of the Lyapunov function in (30), using (27) , iṡ
By incorporating the controller in (28), (31) can be rewritten aṡ
where l max is a known positive constant and larger than the maximum eigenvalue of the matrix DED T . Choose the updating law for k according to the following equation
The following assumption is then made to ensureV ≤ 0.
Assumption 4:
Remark 6: Loosely speaking, Assumption 4 states that the actuators are able to produce sufficient torque, and therefore control authority, to perform a given attitude manoeuvre and reject any disturbance d. This is a reasonable assumption in practice. The parameter l max must be larger than the maximum eigenvalue of the matrix DED T ; since E is time varying and unknown, l max is selected to be larger than the maximum eigenvalue of DD T .
Using Assumption 4,V ≤ 0 can be guaranteed from (34). By an identical analysis to that of Theorem 1, we obtain lim t 1 S = 0 and lim
Thus, v will asymptotically converge to zero from (7) . From (33)
Using the same analysis as Section 3.1, it can be proved that k . 0 for all time. Therefore q will tend to zero based on lim
With the above analysis, the following theorem can be obtained.
Theorem 2:
Consider the faulty attitude control system given by (1), (2) and (27) Proof: The proof can be obtained from above derivation and is omitted.
Remark 7:
Note that the controller designed in (28) is also robust to parametric uncertainties, and at the same time the actuator saturation limits are ensured, that is
Remark 8: In the above stability analysis, the actuation effectiveness matrix E is not used in the control scheme, so that actuator health monitoring or fault isolation is not necessary. However, to stabilise the system the number of active control inputs after failure should be greater than or equal to three, so that the remaining active thrusters are able to produce a sufficient control torque vector for the spacecraft to perform the given mission.
Remark 9:
We note that the developed controller, given by (28) and (29), and the updating law in (33), are independent of the actuation effectiveness matrix E. Thus, the control objectives can be achieved by our controller for faults occurring at any time and for any fault severity. Therefore, the robustness of the proposed fault-tolerant scheme is achieved.
Simulation example
The numerical application of the proposed control schemes to the attitude control of an orbiting spacecraft equipped with six thrusters is presented using MATLAB/SIMULINK software. The simulation data including the inertia matrix and the actuator distribution matrix are obtained from [16] Here, a severe failure scenario is considered, where some thrusters partially lose their effectiveness and some lose their power completely. Fig. 1 shows the effectiveness of the thrusters, which are given by [16] e i = 0.7 + 0.15rand(t i ) + 0.1 sin(0.5t + ip/3),i = 1, . . . , 6
(37) where the definition of rand(t i ) is given in [16] . Among the six thrusters, the third thruster only supplies 20% of its saturation value after 8 s, and the fourth and the fifth thrusters fail completely after 10 and 12 s, respectively.
The proposed fault-tolerant controller in (28) is compared to the conventional variable structure controller (CVSC) [19] in the following simulation. For the controller in (28), the control parameters are chosen as g ¼ 0.002, d ¼ 0.002, k(0) ¼ 1.5 and l max = 1.26. Note that each thruster is assumed to generate a continuous control force, and we do not consider the detailed characteristics of this kind of actuator. The simulations have been rendered more realistic by considering the thruster limits, and the maximum control force available from the thrusters (gas jet) are assumed to be 4, 3.5 and 3.5 N for the x, y and z directions, respectively.
To verify the superior performance of the control law in (28), two cases are simulated; in the first case all of the actuators are functioning normally and in the second case the actuator fault scenario given above occurs while the craft is manoeuvring. The initial attitude is set to q 0 ¼ 0.9631, q 1 ¼ 20.1, q 2 ¼ 0.15 and q 3 ¼ 20.2, and the angular velocity is assumed to be zero at t ¼ 0, that is, v(0) ¼ 0. Fig. 2 shows the time responses of the quaternion, angular velocities and six thruster forces for the healthy actuator case. The controller proposed in (28) clearly has superior control performance compared with CVSC. Although both control schemes can achieve an acceptable orientation response, as shown in Figs. 2a and b , the proposed scheme only need 10 s to complete the attitude manoeuvring, which is faster than CVSC, which requires almost 25 s. Fig. 2c shows the control input histories for the two control algorithms, and highlights that the amplitude of the control force for both controllers is below the given saturation limits. Fig. 2d shows that the performance index, I p (t), for the controller in (28) is better than the index for CVSC. Fig. 3 shows the time responses for the case with actuator faults, and the actuator failures clearly propagate through to the spacecraft attitude. The CVSC, shown in Fig. 3 by the dashed line, is unable to compensate for these faults and leads to reduced system stability. However, the system with the proposed controller in (28) is stable and shows better performance, shown Fig. 3 by the solid line. Figs. 3a and b give the attitude and angular velocity and Fig. 3c emphasises the changes in control input when the actuator faults occur. The controller in (28) is able to compensate for the severe fault. Indeed, when (28) is applied, the actuator faults in (37) are immediately rejected from the attitude and velocity trajectories.
Response with perfect actuators

Response with actuator faults
For further comparison, a conventional proportionalintegral-derivative (PID) with anti-windup controller [30] was also simulated for the case of perfect actuators and with the actuator faults given in (37). The anti-windup control is employed to reduce the effect of actuator saturation, and the results show that the actuator faults cannot be compensated by PID control. Table 1 summarises the control performance in a quantitative manner, where t s (s) denotes the spacecraft attitude stabilisation time. A comparison of all cases in Table 1 (healthy and faulty actuator cases, and different controllers) demonstrates that the proposed controller design method can significantly improve the performance over that for PID or CVSC methods in the healthy actuator case. For the faulty actuator case, the proposed method gives better results than those for the conventional controllers. In addition, extensive simulations were also performed using different control parameters, disturbance inputs, inertia parameters and even combinations of the thruster faults. These results show that the closed-loop system attitude stabilisation could be accomplished in spite of these undesired effects in the system. Moreover, the flexibility in the choice of control parameters can be utilised to obtain desirable performance, while meeting the constraints on the control force magnitude. These control approaches provide the theoretical basis for the practical application of advanced control theory to the spacecraft attitude control system. 
Conclusions
A fault-tolerant variable structure control scheme has been developed for a spacecraft attitude stabilisation using redundant actuators in the presence of input saturation limits, external disturbances and unknown actuator faults. The proposed control design methods do not require any system identification process to identify the faults or any method of fault detection and isolation. Although the control law requires the update of the parameter k in (13) and (33), this is likely to be more computationally efficient than alternative fault identification schemes; the practical application of the approach will require more investigation to minimise the computation burden. The control formulation is based upon Lyapunov's direct stability theorem in the controller synthesis. The control designs were evaluated using numerical simulations and compared to other schemes available in the literature, for different types of thruster failure scenarios. The results show that the robust fault-tolerant attitude controller is able to recover from actuator failure and to achieve high precision pointing in cases where the conventional schemes are unable to maintain stability. Furthermore, the control objective can be achieved even under thrust limits. This conclusion is valid with the assumption that the system is controllable with the remaining active controls, such that the control effectiveness of the remaining controls is large enough to counter the undesirable effects produced when the failed actuator settles to an arbitrary value. In addition, the theory presented in this paper is illustrated with a particular numerical simulation; further experimental testing would be required to reach any conclusion about the efficacy of the control laws for the attitude tracking mission.
